Abstract. In the presence of the primordial magnetic field, initial vector (vorticity) perturbations produce cosmological Alfvén waves and leave imprints on cosmic microwave background (CMB) temperature and polarization anisotropy.
Introduction
There are strong observational evidences on the existence of large-scale magnetic fields, whose strength is on the order of micro Gauss [1, 2, 3, 4] . These magnetic fields are believed to be seeded by a small Primordial Magnetic Field (PMF) [5, 6, 7, 8] . Primordial Magnetic Field may be considered to consist of a homogeneous and inhomogeneous (stochastic) magnetic fields. In this paper, we focus on the effect of Primordial Magnetic Field on CMB anisotropy associated with vector perturbations. Primordial vector perturbation, whose source includes topological defects and inhomogeneous primordial magnetic fields [9, 10, 11] , decays rapidly with the expansion of the Universe, and therefore, does not leave observable signature on CMB anisotropy [12, 13] . However, primordial vector perturbation in the presence of a homogeneous primordial magnetic field induces Alfvén waves in the cosmic plasma, which may leave observable imprints on CMB anisotropy via a Doppler effect and an integrated Sachs-Wolfe effect [14, 15, 16, 17, 18, 19] . To be specific, cosmological Alfvén waves create correlations between a lm , a l±∆l,m±∆m , where ∆l = 0, 1, 2 and ∆m = 0, 1, 2 [20] . Over the past several years, there have been great success in measurement of Cosmic Microwave Background (CMB) anisotropy by ground and satellite observations [21, 22, 23, 24, 25, 26, 27, 28] , and observational imprints of cosmological Alfvén waves in CMB anisotropy have been studied by several authors [18, 20, 29, 30, 31] . By investigating the effect on power spectrum and signature correlations in the recent CMB data, we attempt to constrain cosmological Alfvén waves, and also impose a lower bound on the primordial vector perturbation.
The outline of this paper is as follows. In Section 2, we briefly review the effect of cosmological Alfvén waves on CMB anisotropy. In Section 3, we discuss statistical properties of CMB in the presence of the Alfvén waves. In Section 4, we build the statistics sensitive to the imprints of Alfvén waves. In Section 5, we analyze the recent CMB data and present the result. In Section 6, we make summary and conclusion. In Appendix A, we discuss the effect of incomplete sky coverage on the analysis of Alfvén wave imprints.
The effect of Alfvén waves on CMB anisotropy
According to linearized Einstein equations [32] , vector perturbation decays rapidly with the expansion of the Universe, and therefore, does not leave observable signature on CMB anisotropy, unless the initial values of vector perturbation are unusually high [12, 13] . In the presence of a homogeneous magnetic field, vector perturbation induces Alfvén waves in cosmic plasma, and leaves observable imprints on CMB anisotropy via a Doppler effect and an integrated Sachs-Wolfe effect [18] . Durrer, Kahniashvili and Yates [18] (hereafter, DKY) showed that cosmological Alfvén waves generate the fractional CMB anisotropy for a Fourier mode k:
wheren andB denote sky direction and a homogeneous magnetic field direction respectively, Ω(k, η dec ) is the Gauge invariant linear combination associated with vector perturbations, η dec denotes the conformal time at the moment of baryon-photon decoupling, v A is Alfvén wave velocity and T 0 is the CMB monopole temperature 2.725[K] [33] . DKY assumed that vector perturbations are initially created by some random process and have the following statistical properties over an ensemble of universes:
P (k), which is the power spectrum, is assumed to follow a simple power law:
where k 0 is a pivot wavenumber and we set it to 0.002/Mpc, which is equal to the WMAP team's pivot wavenumber for scalar perturbation [34] . Possible sources of primordial vector perturbation include inhomogeneous stochastic primordial magnetic fields and topological defects [9, 10, 11].
CMB statistical properties
The temperature anisotropy δT (θ, φ) is conveniently decomposed in terms of spherical harmonics Y lm (θ, φ) :
where a lm are the coefficients of decomposition, and θ and φ are a polar and an azimuthal angle. Kahniashvili, Lavrelashvili and Ratra [20] (hereafter KLR) showed that the CMB anisotropy in the presence of cosmological Alfvén waves has the following statistical properties:
where C 0 l is the power spectrum in the absence of Alfvén waves, θ B and φ B are the spherical coordinate of a PMF directionB, and d
and
η 0 is the present conformal time, and v A is the Alfvén velocity, which is given by
where B 0 is the magnitude of a homogeneous PMF, and ρ r and p r are the density and the pressure of photons [18] . k D denotes the comoving wavenumber of the dissipation scale, due to photon viscosity and given by ∼ 10/η dec [18] . While DKY and KLR have obtained analytic results by neglecting the damping factor exp (−2k 2 /k 2 D ), we have computed Eq. 13 numerically. The damping effect is getting significant on multipoles l 500 [18] .
Primordial magnetic fields affect the expansion dynamics of the Universe, because of anisotropic pressures associated with primordial magnetic fields [35] . Considering the shear anisotropy due to primordial magnetic fields and the observed magnitude of CMB anisotropy (∼ 10 −5 ), Barrow et al. (1997) have derived an upper limit B 0 < 2.27 × 10 −9 h/75 Gauss on a homogeneous primordial magnetic field [35] . Using this upper limit and Eq. 14, DKY showed B 0 10 −8 Gauss and v A 10 −3 [18] . It is worth to note that correlations are invariant under the parity inversion of a PMF directionB. In other words, (θ B , φ B ) → (π − θ B , φ B + π)) does not affect Eq. 6, 7, 8, 9, 10, 11 and 12. note that it is the degeneracy of correlation, not that there should be two physical directions.
Estimators
In order to constrain cosmological Alfvén waves, we construct the following statistics:
Because of the reality condition a l −m = (−1) m a lm * , m=−2l a * lm a l,m+1 is always zero. Therefore, we defined D 
Therefore, m a * l,m a l+2,m−1 and m a * l,m a l+2,m−2 are redundant and excluded from consideration. Note that the statistic used in [18, 29] is equivalent to Eq. 18. Using Eq. 5, 6, 7, 8, 9 and 11, we may easily show that the expectation values of C l and D i l arē
We may also show that the variance of
where N l is noise power spectrum, and we have neglected correlations between distinct spherical harmonic modes (i.e. a *
Though the underlying distribution for primordial vector perturbations is not necessarily Gaussian, the distribution function of D i l −D i l tends to Gaussian by the central limit theorem [36] . Hence, the likelihood function ofD
M is a 5 l max × 5 l max nearly diagonal matrix, whose diagonal elements correspond to the variances of D 
where L(C l |C l ) is the likelihood function associated with CMB power spectra, whose approximate and optimal expression is found in [37] . Note that cosmological Alfvén waves affect CMB power spectrum as well, and hence Eq. 23 should be used forC l in estimating L(C l |C l ). Since CMB power spectra and correlations (i.e.C l andD i l ) possess non-trivial dependence on cosmological parameters (i.e. standard parameters + Alfvén wave parameters), we will resort to Markov Chains Montel Carlo (MCMC) likelihood analysis [37, 38] . The discussion on MCMC analysis and dataset used will be give in the next section.
Analysis of the recent CMB observation data
We have investigated the effect of the WMAP team's KQ75 and KQ85 mask on correlations (i.e. D i l ), and found that significant amount of fictitious correlations are produced by the masks (refer to Appendix A for details). Therefore, we find sky maps, which require a Galactic mask, are not suitable for our analysis. Therefore, we have restricted our correlation estimation to whole sky maps obtained by variants of Internal Linear Combination (ILC) method: The WMAP team's ILC map (WILC), Harmonic ILC (HILC) and Needlet ILC (NILC) [39, 40, 41, 42, 43] . In Fig. 1 , we show the temperature power spectra of the ILC maps with that of the WMAP concordance model [34, 23] . Noting that the power spectra of ILC maps are in good agreement with the model up to l ≤ 200, we have computed D By making small modifications to the CosmoMC package [38] , we have included the parameter λ α ∈ {A v v 2 A , n v , θ B , φ B }, and computed the likelihood function given by Eq. 36. Note that the power spectrum as well as correlations depend on A v v 2 A and n v (see Eq. 23). For data constraint, we have used the CMB power spectra of the recent CMB observations (WMAP5YR + ACBAR + QUaD) [21, 22, 24, 25, 26, 27, 28] , and the correlations estimated from ILC maps. In Table 1 , we summarize 1σ constraint and the best-fit values. As discussed in Sec. 4, our estimators are insensitive to the parity of a PMF direction. Hence, we quote two best-fit PMF directions, which are equally likely. In Fig. 2 versus n v , which are highly correlated Alfvén wave parameters. We find there exists little correlation between Alfvén wave parameters and ΛCDM parameters, except for the scalar perturbation amplitude A s . In Fig. 3 Fig. 4 . Note that a pair of directions associated by (θ B , φ B ) ↔ (π − θ B , φ B + π) possess equal likelihood. As shown in Table 1 and Fig. 2, 3 If there was a primordial magnetic field at the recombination epoch or after the Universe was re-ionized, it would induce Faraday rotation in CMB polarization [44, 45] . Forecast on the PLANCK data constraint shows that we will be able to constrain a primordial magnetic field ∼ 2 × 10 −9 Gauss by investigating Faraday rotation effect in polarization data [45] . However, we have not considered Faraday rotation effect in this work, since the signal-to-noise ratio in the currently available CMB polarization data is not high.
Discussion
We have constrained primordial magnetic field and primordial vector perturbation, by investigating the imprints of cosmological Alfvén waves on CMB anisotropy. We find there is little degeneracy between cosmological Alfvén wave parameters and ΛCDM parameters except for a scalar perturbation amplitude A s . The results obtained with various ILC maps are consistent with each other. Therefore, we believe our results have not been affected significantly by residual foregrounds or anisotropic noise in ILC maps. Using our result and the upper bound on v A from the total energy density constraint, we impose a lower bound on the primordial vector perturbation 5 × 10
−4
A v at the pivot scale k 0 = 0.002/Mpc.
Since Alfvén velocity v A is proportional to the magnitude of a primordial magnetic field, direct constraints on Alfvén velocity v A may be imposed by investigating Faraday rotation effect in CMB polarization data [44, 45] . When the data from the PLANCK surveyor [46] are available, we are going to constrain Alfvén waves and Faraday rotation simultaneously, and hence impose a stronger constraint on the primordial vector perturbation. 
